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Black hole entropy emission property
Shao-Wen Wei ∗, Yu-Xiao Liu †
Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, People’s Republic of China
In this work, we examine the entropy emission property of black holes. When the greybody
factor is considered, it is found that Schwarzschild black hole is a one-dimensional entropy emitter,
which is independent of the spacetime dimension and the spin of the emitted quanta. However,
when generalized to other black holes with two or more parameters, the result shows that the one-
dimensional entropy emission property will be violated. Thus our result implies that not all black
holes behave as one-dimensional entropy emitters.
PACS numbers: 04.70.Dy, 04.50.-h, 11.10.Kk
I. INTRODUCTION
Combining quantum mechanics and general relativity,
black holes are found to radiate particles characterized
by the well-known Hawking temperature [1, 2]. There
are several approaches proposed for obtaining the tem-
perature, for examples the collapse geometry, tunneling
process [3], and the gauge and gravitational anomalies
[4, 5].
Exploration of the property corresponding to Hawking
radiation is an important subject. In 2001, Bekenstein
and Mayo [6] studied the black hole entropy flow related
with the radiation particles at the Hawking temperature,
and found that the entropy emission rate for a (3+1)-
dimensional Schwarzschild black hole is
S˙ =
(
ν2Γ¯piP
480~
) 1
2
, (1)
where the values of ν and Γ¯ can be found in Page’s
work [7, 8]. This result strongly recommends that black
hole radiation is completely different from that of a
hot body in three-dimensional space, but like a hot
body in one-dimensional space. Thus they concluded
that Schwarzschild black holes are one-dimensional en-
tropy emitters, and the information flow accompa-
nied by Hawking radiation from a (3+1)-dimensional
Schwarzschild black hole is one-dimensional. Therefore,
such property can be treated as a complementary state-
ment to the famous “holographic principle” [9, 10].
Very recently, the one-dimensional nature of the black
hole entropy emission rate has been explored with a di-
rect calculation of the entropy emission rate. The first
interesting example is the d-dimensional Schwarzschild
black hole. In Refs. [11, 12], it was shown that its en-
tropy emission rate has a similar form as that of a one-
dimensional hot body, which implies that a Schwarzschild
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black hole in arbitrary spacetime dimensions is a one-
dimensional entropy emitter. This greatly confirms
Bekenstein and Mayo’s result, and supports the con-
jecture that all black holes are one-dimensional entropy
emitters. However, when generalized other types of
black holes, the result behaves very differently. For
a (2+1)-dimensional non-rotating Banados-Teitelboim-
Zanelli (BTZ) black hole, the result [11] shows that the
entropy flow or information out of the black hole is three-
dimensional. For Lovelock black holes, the result indi-
cates that the channel of the entropy flow is equal to d
for odd d-dimensional spacetime, and 1 + ε(Λ) for even
d-dimensional spacetime [11]. On the other hand, Hod
[13] noted that the entropy emission rate of a Reissner-
Nordstro¨m (RN) black hole characterized by the neu-
tral sector of the Hawking radiation spectra can be stud-
ied analytically in the near-extremal regime. Unfortu-
nately, the result indicates that such black hole is not
one-dimensional entropy emitter.
Nevertheless, we would like to reexamine the black hole
entropy emission property. In the previous works, the
study showed that the Schwarzschild black hole is a one-
dimensional entropy emitter of boson quanta. However,
how about the fermion radiation? The answer is worth
searching. On the other hand, when some other param-
eters are included in, do the black holes still behave as
one-dimensional entropy emitters? Motivated by these
questions, we would like to explore the entropy emission
properties of black holes, even the gravitational effect is
considered.
II. BEKENSTEIN AND MAYO’S TREATMENT
Here, we would like to give a brief review of the Beken-
stein and Mayo’s treatment given in Ref. [6]. In flat
spacetime, the energy and entropy transmission out of a
closed black object with temperature T and area A into
23-dimensional space are
P =
pi2AT 4
120h3
, (2)
S˙ =
4P
3T
. (3)
Combining the above two equations yield
S˙ =
2
3
(
2pi2AP 3
15~3
)1/4
. (4)
On the other side, if we replace the black object with a
black hole, the entropy emitted rate is also in the form
(4). However, the area A and temperature T will not
be independent of each other. For a Schwarzschild black
hole, we always have
A = 16piM2, T =
~
8piM
, (5)
where M is the black hole mass. Thus, one will obtain
[6]
S˙ =
(
ν2Γ¯pi
480~
)1/2
× P 1/2. (6)
As claimed by Bekenstein and Mayo, this result implies
that a d=4-dimensional Schwarzschild black hole is a one-
dimensional entropy emitter.
This result was soon generalized to the higher dimen-
sional Schwarzschild black hole cases (see Refs. [11, 12]).
The starting point is the generalized Stefan-Boltzmann
law, which in d-dimensional spacetime is given by [14]
P = σdAT d, (7)
where σd is the generalized Stefan-Boltzmann constant.
In addition, for a d-dimensional perfect black-body emit-
ter, there exists a relation [6]
S˙ =
d+ 1
d
× P
T
. (8)
For a d-dimensional Schwarzschild black hole, its temper-
ature is given by [15]
T =
(d− 3)~
4pirh
. (9)
The parameter rh is the radius for the black hole event
horizon. While the effective area in Eq. (7) has different
interpretations. Mirza, Oboudiat, and Zare evaluated it
as the area of black hole horizon, i.e., A = Ah. Hod
adopted another expression
A = Γ(
d
2 )√
pi(d− 1)Γ(d−12 )
(
d
2
) d−1
d−2
(
d
d− 2
) d−1
2
Ah. (10)
Nevertheless,
A ∝ Ah. (11)
Making use of Eqs. (7)-(11), one will get
S˙ ∝ P 12 , (12)
which implies that a d-dimensional Schwarzschild black
hole is also a one-dimensional entropy emitter.
FIG. 1: Sketch picture for the black hole radiation. The out-
ward arrows denotes the quanta emitted from the black hole.
The twisted arrows represent the quanta reflected by the grav-
itational potential. The short inward arrows mean that during
the quanta emission, the size of the black hole decreases from
the region bound by the dashed circle to the shadow region.
III. OUR ARGUMENT
During the treatment, one important key is the rela-
tion (8) between the entropy emitted rate and the energy
power. However, when we replace the black body with
a black hole, we should consider the gravitational effect
of the black hole when it emits particles. It will lead to
the deviation of black hole from a black body. Therefore,
the grey-body factor should be included in. Moreover,
the black hole energy will be taken away by the emitted
quanta, which will lead to the continuous decrease of the
black hole size. We show the sketch picture in Fig. 1.
Considering these effect, the energy radiation power
and entropy emission rate of spin s particles for a
Schwarzschild black hole are
P =
∑
j
N
(s)
j
∫ ∞
0
ωh
(s)
j (ω)dω, (13)
S˙ =
∑
j
N
(s)
j
∫ ∞
0
g
(s)
j (ω)dω, (14)
where j is the angular harmonic index. For scalar, vector,
and tensor modes, we respectively have [16]
N
(s)
j =
(2j + d− 3)(j + d− 4)
j!(d− 3)! ,
N
(s)
j =
j(j + d− 3)(2j + d− 3)(j + d− 5)!
(j + 1)!(d− 4)! ,
N
(s)
j =
(d− 4)(d− 1)(j + d− 2)(j − 1)
2(j + 1)!(d− 3)!
×(2j + d− 3)(j + d− 5)!.
3The integrands are given by [17, 18]
h
(s)
j (ω) =
1
2pi
|A(s)j |2
e
ω
T − (−1)2s ,
g
(s)
j (ω) =
1
2pi
[ |A(s)j |2
e
ω
T − (−1)2s
× ln
(
e
ω
T − (−1)2s
|A(s)j |2
+ (−1)2s
)
+(−1)2s ln
(
1 +
(−1)2s × |A(s)j |2
e
ω
T − (−1)2s
)]
.
Here |A(s)j |2 is the dimensionless greybody factor, which
is a function of ω and the black hole horizon radius,
i.e. |A(s)j |2 = |A(s)j |2(ω, rh). Or, more explicitly, we
can express the greybody factor as |A(s)j |2 = |A(s)j |2(ωrh)
with ωrh being a dimensionless parameter. For the d-
dimensional Schwarzschild black hole, we have T ∝ 1rh .
Then we can define a new dimensionless variable
x =
ω
T
. (15)
Then the integrals (13) and (14) will be
P = T 2 ×
∑
j
N
(s)
j
∫ ∞
0
xh
(s)
j (x)dx, (16)
S˙ = T ×
∑
j
N
(s)
j
∫ ∞
0
g
(s)
j (x)dx, (17)
The integral parts in the above equations give pure num-
bers. So, we haveP ∝ T 2 and S˙ ∝ T . Combining these
two relations yields
S˙ = C(d, s) × P 12 . (18)
Here the number C(d, s) is only dependent of the di-
mension number d of the spacetime and the kind of the
emitted particles, while independent of the black hole pa-
rameter. It can be obtained by performing the integrals,
C(d, s) =
∑
j
√
N
(s)
j
∫∞
0 g
(s)
j (x)dx√∫∞
0 xh
(s)
j (x)dx
. (19)
During the radiation, the black hole horizon shrinks,
which leads to the rise of the black hole temperature.
However, the relation (18) always holds during the pro-
cess. Thus, a d-dimensional Schwarzschild black hole is a
one-dimensional entropy emitter, even the gravitational
effective is included in. It is also clear that such property
is independent of the nature of the emitted quanta.
IV. GENERAL ARGUMENT
It was reported in Refs. [11, 13] that, some black holes,
such as charged RN black holes, Lovelock black holes, are
not one-dimensional entropy emitters. Here we would
like to examine the entropy emitter for a general case
using the method of dimensional analysis. We adopt the
units kB = G = c = ~ = 1. For a black hole, the ra-
dius of its event horizon is a characteristic length, so we
can express all the parameters with the length dimen-
sion [L]. Taking an example, the black hole temperature
T = T (rh, αi) with αi being the black hole characteris-
tic parameters (except the mass), such as the charge and
angular momentum. Then we can construct a dimen-
sionless temperature T˜ = rhT (α˜i) = T˜ (α˜i), where α˜i has
been non-dimensionalized with rh.
For a black hole, the temperature, energy radiation
power, and entropy emission rate have the following di-
mensions
[T ] = [L]−1, (20)
[P ] = [T 2] = [L]−2, (21)
˙[S] = [T ] = [L]−1. (22)
Then, according to the dimensions, we finally get
S˙ = C(d, s; α˜i)× P 12 . (23)
At a first glance, one will obtain the result that it is the
same functional relation as the one-dimensional entropy
emitter. However, we should note the expression of the
parameters α˜i:
α˜i =
αi
rδih
, (24)
where δi is the dimensional number of the black hole
parameter αi. We need clearly recall that, during the
radiation of the quanta, the characteristic parameters αi
keeps constant, while the horizon shrinks. So the dimen-
sionless parameters α˜i varies in the emitted process. And
the coefficient C(d, s; α˜i) can not be a constant. There-
fore, for a black hole with nonvanishing αi, it will not a
one-dimensional black hole entropy emitter.
On the other hand, a Schwarzschild black hole be-
haves as a limit for other black holes. Thus in the limit
αi → 0, C(d, s; α˜i) → C(d, s), then the property of one-
dimensional entropy emitter will be recovered.
In fact, if the emitted quanta can change the black hole
parameters (like the charge and angular momentum) a
specific manner such that α˜i keep as fixed constants, then
the black hole will be exactly a one-dimensional entropy
emitter.
V. SUMMARY
At last, we would like to give a brief summary of this
work. We considered the gravitational effect of black hole
on the entropy emission properties.
For a d-dimensional Schwarzschild black hole, our re-
sult confirms that of Refs. [11, 12]. Moreover, we also
4showed that the one-dimensional entropy emission prop-
erty of a d-dimensional Schwarzschild black hole is inde-
pendent of the spin s of the emitted quanta. This result
holds both for boson and fermion emitted quanta.
When other parameters are included in, for exam-
ple, the black hole charge and angular momentum, the
black hole entropy emission will deviate from the one-
dimensional property. This result also agrees with Refs.
[11, 13].
In summary, a Schwarzschild black hole is a one-
dimensional entropy emitter for any spacetime dimension
d and for any emitted quanta with spin s. While other
black holes will not hold such intriguing property in gen-
eral.
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